1 Spaces and subspaces

Vector Space Definition The set V is called a
vector space over F when the vector addition and
scalar multiplication operations satisfy the follow-
ing properties.

(Al) x +y €V for all ¢,y € V. This is called the
closure property for vector addition.

(A2) (z+y)+z =z+(y+z)forevery x,y,z € V.

There is an element 0 € V' such that x+0 = x
for every « € V.

(A3)

(A4)

For each € V, there is an element (—x) € V
such that  + (—x) = 0.

(A5) ¢ +y =y + x for every &,y € V.

(M1) ax €V for all @ € F and = € V. This is the
closure property for scalar multiplication.

(M2) (af)x = a(pz) for all a,f € F and every
reV.

(M3) a(x +vy) = ax + Py for every a € F and all
T,y V.

(M4) (a+p)x = ax+fx for all a, § € F and every

x eV

(M5) 1z = « for every x € V.

1. Let V= {(,y) | z,y € R} be a given set, and
define the operations addition + and scalar
multiplication - on the following way

Y(z,y), (a,b) €V
(z,y) + (a,b) = (x + a,y + b),

addition + :

scalar multiplication: Va € R, V(z,y) €V

a(z,y) = (ay, ax).

Is the set V a vector space over R? Explain your
answer!

2. Show that the set V = {(z,7,y) | z,y € R} is a
vector space if the vector addition and scalar
multiplication operations are defined on the
following way

vector addition: V(z,z,y), (a,a,b) €V

('r?x?y) + (a’a7b) = ('T—I_a’l'—‘l—a’?y_‘_b)’
scalar multiplication: Vo € R, V(z,z,y) € V
a(z,x,y) = (ax, az, ay).

3. Why must a real or complex nonzero vector
space contain an infinite number of vectors?

4. Are the following sets with a given operations
vector spaces? Explain your answer! (a) Set R{, all
no-negative real numbers, with usual addition and
scalar multiplication. (b) Set V of all polynomials or
order > 3, including 0; operations are standard
addition of polynomials, and standard scalar
multiplication. (c) Set V of all 2 x 2 matrices of the

form i , with operations from Matayx2(R). (d)

a
0
Set V of all 2 x 2 matrices with equal sum of entries
in each column; operations from Matayx2(R). (e) Set
V of all 2 x 2 matrices which determinant is equal to
zero; operations from Matay2(R). (g) Set

V ={(z,y) | x,y € R} with ordinary addition, but
scalar multiplication a(z,y) = (z,y) for all o € R.

Subspaces Let § be a nonempty subset of a vector space V over F (symbolically, S C V). If S is also a
vector space over F using the same addition and scalar multiplication operations, then § is said to be a
subspace of V. It’s not necessary to check all 10 of the defining conditions in order to determine if a subset
is also a subspace - only the closure conditions (A1) and (M1) need to be considered. That is, a nonempty
subset S of a vector space V is a subspace of V if and only if

(Al) z, ye S=x+yecS and Ml)zeS = axecS forallackF.

7. Determine which of the following subsets of
Mat,,«n(R) are in fact subspaces of Mat,,«,(R). (a)
The symmetric matrices. (b) The diagonal matrices.
(c¢) The nonsingular matrices. (d) The singular
matrices. (e) The triangular matrices. (f) The
upper-triangular matrices. (g) All matrices that
commute with a given matrix A. (h) All matrices
such that A% = A. (i) All matrices such that
trace(A) = 0.

9. (i) Show that the set V = {(x, —z) | * € R} is a
vector subspace of R2. (ii) For a given vector space
V, let U = {0} be a set containing only the zero
vector. Show that U/ is a vector subspace of V.

6. Determine which of the following subsets of R™
are in fact subspaces of R" (n > 2). (a)

{z | 2i >0}, (b) {z | 21 =0}, (¢) {z | 2129 = 0},
(@ {@ | S0y a; =0}, (&) {= | Sy 2y =1}, ()
{z | Az = b, where A,,x, # 0 and b,,,»1 # 0}.



Spanning Sets

e For a set of vectors S = {vy,vs, ..., v, }, the subspace span(S) = {aqvi + agvs + ... + a,v, : o € F}
generated by forming all linear combinations of vectors from S is called the space spanned by S.

e If V is a vector space such that V = span(S), we say S is a spanning set for V. In other words, &
spans V whenever each vector in V is a linear combination of vectors from S.

8. In the following it is given a set S. Describe
what is span(S) and if it is possible give geometrical
picture. (i) Let u,v € R denote two noncollinear
vectors, and let § = {u,v}. (ii)
S={(1,1)7,(2,2)"}. (iii) S contains unit vectors
{e1 =(1,0,0)",e2 = (0,1,0) ", e3 = (0,0,1) " }. (iv)
S ={ey,eq,...,e,} is set of unit vectors from R".
(v) S ={l,x,2% ...,2"} (vi) S = {1,2,2%,...}.

9. Carefully explain is it true that span(S) = R3,
if we have that S = {(1,1,1),(1,-1,-1),(3,1,1)}.

10. Which of the following are spanning sets for

R*? (a) {(1,1,1)} (b) {(1,0,0),(0,0,1)}, (c)
{(1,0,0),(0,1,0),(0,0,1), (1,1,1)}, (d)
{(17271)7(2707_1)7 (4747 1)}7 (e)
{(1,2,1),(2,0,—-1),(4,4,0)}.

11. For a set of vectors S = {a1, as, ..., a,} from
a subspace V C Mat,,«1(R), let A be the matrix
containing the a;’s as its columns. Explain why S
spans V if and only if for each b € V there
corresponds a column x such that Az = b (i.e., if
and only if Ax = b is a consistent system for every
beV).

e The sum X 4 ) is again a subspace of V.

Sum of Subspaces If X and ) are subspaces of a vector space V then the sum of X and ) is defined to
be the set of all possible sums of vectors from X with vectors from ). That is,

X+Y={x+y|lxrecXandyec )}

o If Sy, Sy span &X', YV then Sy USy spans & + ).

12. If X is a plane passing through the origin in
R? and ) is the line through the origin that is
perpendicular to X', what is X + )7

13. For a vector space V, and for M,N C V,
explain why span(M UN') = span(M) + span(N).

14. Let X and Y be two subspaces of a vector
space V. (a) Prove that the intersection X N} is
also a subspace of V. (b) Show that the union
X U Y need not be a subspace of V.

15. For A € Mat,,,«x,(R) and S C Mat,,«1(R), the
set A(S) = {Az | x € §} contains all possible
products of A with vectors from S. We refer to
A(S) as the set of images of S under A. (a) If Sis a
subspace of R", prove A(S) is a subspace of R™. (b)

If 81,89, ..., s spans S, show Asq, Ass, ..., As; spans
A(S).

16. Let £ =
{(xl,xg,.%'g) S R3|.%'1 + 20 =0,—21 4+ 229 + 3 = 0} .
Show that £ is subspace of vector space R3.

17. Let V =R" and let (ay,as,...,a,)" be some
fixed vector from V. Show that the family of all
elements (21,22, ...,2,) ' from V with the property
a1x1 + ... + apxy, = 0 is subspace of vector space V.

In another words, show that
M= {(acl,xg, ...,xn)T eV ’ a1xr1 + ... + apnTy = 0}
is subspace of V.

18. Let V denote vector space of all matrices of
form 2 x 2 over the field of real numbers. Let Wy be
the set of all matrices of form

T —x
Yy oz
and let Wy be the set of all matrices of the form
a b
—a c)’
Show that W, and W5 are subspaces of V.
19. Let

. {[zl 22] € Matgxo(C) |

zZ3 24

2’1—254-23:072’1—%224-23—1—2’4:0}

be a given set. Show that V is real subspace of
vector space Matayo(C).

InC: 1, 3, 6, 8, 9, 12, 15. HW: 16, 17, 18, 19.




